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Abstract—Semiconductor quantum dots (QDs) are a promising
building blocks for scalable quantum technologies, including
single- and entangled-photon sources as well as solid-state qubits.
When integrated into optical microcavities, QD-cavity sys-
tems enable controllable light-matter interactions for advanced
quantum-optical device engineering. However, QD systems can
couple strongly to their solid-state environment, where phonon
interactions induce dephasing and broad spectral sidebands.
Modeling the system—environment coupling accurately continues
to be a key challenge. We present here a variational master
equation (ME) approach that targets this problem and bridges
the gap between the polaron and weak approaches in a nu-
merically efficient manner while accounting for non-Markovian
effects. To do so we utilize Jaynes-Cummings number preserving
symmetries in both exciton and biexciton-cavity systems, which
provides further insight into underlying physics.

Index Terms—Quantum Dots, Phonon-Coupling, Quantum
Optics

I. INTRODUCTION

The field of quantum optics and solid-state quantum devices
has seen rapid advancement in recent years, driven by the
need for scalable, coherent quantum systems. Semiconductor
quantum dots (QDs) are highly promising candidates for real-
izing a range of quantum optical systems, including potential
applications as qubits in quantum computing, single-photon
and entangled-photon sources [1]. To enhance or suppress
specific light-matter interactions, and thus to tailor the non-
classical light emission from QDs, optical microcavities are
widely targeted for this task [2]. However, beyond the limi-
tations imposed by, e.g., finite cavity Q-factors, the quantum
dynamics of QD-cavity systems are strongly shaped by the
surrounding crystal lattice, particularly through coupling to
acoustic phonons. This interaction induces decoherence and
other non-trivial dynamical effects, even at zero tempera-
ture [3]. The realistic modeling of these system-environment
interactions has been a significant focus of the past decade
given their importance for non-classical light emission with
high fidelity. Key challenges in theoretical modeling include
accurately capturing non-Markovian effects, and bridging the
gap between different coupling regimes when relying on
simplified models [4].

A variety of theoretical frameworks have been developed
to model QD-phonon interactions including variational and
perturbative master equation (ME) approaches [5], path inte-
gral and tensor network methods [6]. To capture the full non-
Markovian effects of the phonon interaction in all coupling

regimes one must resort to a method with a high numerical
cost such as tensor network techniques. While these methods
are highly accurate they offer often limited insight into the
underlying physics. On the other hand, perturbative and varia-
tional approaches, when restricted to narrow coupling regimes
to produce accurate results, can provide significant insight into
the physics at play.

We present here a versatile variational approach which
allows us to accurately describe both the dynamics of excitons
and biexcitons in QD-microcavity systems, when accounting
for acoustic phonon coupling. Our approach builds on tech-
niques introduced in Refs. [5] and [7]. We utilize symmetries
of the Jaynes-Cummings ladder, allowing for a variational
transformation to be applied to each rung separately. We
demonstrate that our variational ME approach reproduces nu-
merically exact tensor-network results [6] with high accuracy
but dramatically reduced computational cost. This establishes
a powerful framework that surpasses the limitations of con-
ventional weak-coupling and polaron ME approaches when
modeling system-phonon interactions.

II. SYMMETRY

We extend the variational approach of Ref. [5], by using
symmetries present in the Hamiltonian of the system. Here,
we treat the exciton and biexciton-cavity systems within the
Jaynes-Cummings light matter interaction picture. The system
has a number preserving symmetry that commutes with the full
system bath Hamiltonian, {NT, H| = 0, where NT counts the
number of “excitations” in the system, and we can label the
subspaces of the Hamlltonlan by their “excitation” number,
ng, with H= @n _0 . This decomposition allows us to
apply a variational approach to each subspace independently.

III. VARIATIONAL PRINCIPLE

Given a Hamiltonian H = HS + HSB + Hp com-
prised of a system, Hg, system-bath, Hsp and bath, Hg,
terms respectively, a unitary transformation U is made, pa-
rameterized by a set of variational parameters «; so that
H(&@) = U(@)HU'(a&). The values for o; are determined
by minimizing the Feynman-Bogoliubov upper bound, min-
imizing the free energy of the reduced Hamiltonian A (&) =
f% In (Tr {eiﬁ(HS(aHHB(&))D, with Ag > A where A is

the true free energy [7]. With Hp(&) = Hp, this amounts to



minimizing the free energy with respect to the system Hamil-
tonian, and is done for each subspace of H = ,, H,,-

IV. MASTER EQUATION APPROXIMATION

After the variational parameters have been set, the ME
for the system is calculated using a modified Markovian ME
technique following Ref. [7]. As the excitation operator N,
commutes with the full exciton-cavity-phonon Hamiltonian,
and has eigenvalues n = 0,1,..., one can decompose the
density matrix, p, into independent blocks: p,, ., refers to the
density matrix comprised of states such that Nm Pr.m = NPn.m
and pnym]\A/'ac = Mmpn,m Where n,m are eigenvalues of NI
Setting n = m we use a standard ME with trace preserving
dynamics, while for n # m we have a much more complex
structure which does not preserve Hermiticity or trace. These
subspaces are crucial for defining the structure of the cavity
and dot emission spectra. The decomposition of the Hamil-
tonian results in a much more accurate description of these
subspaces which standard ME techniques can fail to describe.

V. RESULTS

We focus on a resonant exciton-cavity system coupled to an
acoustic phonon bath, with the Hamiltonian H = g.(a64 +
ate_) + Zq &qu(l;q + lA)];) + waA)TlA)q. The phonon spectral
density is given by J(w) = > g2d(w — w,) = awde E,
where w, is the cutoff frequency; note 7 = 1 and we work in
units of picoseconds. l;q, a,0_ are the annihilation operators
for the phonons, photons and excitons, respectively. Two
common techniques seen in the literature, the Weak Phonon
and Polaron MEs [7], are limiting cases of our variational
approach. To benchmark and highlight the accuracy of our
technique we compare results with the numerically exact
TEMPO approach [6], Weak and Polaron MEs data. We
focus in the following on the dynamics of the off diagonal
subspace pg 1, which is crucial for describing emission spectra
of our QD-microcavity system. The population dynamics of
the state R (|g,0)(g,1|) (¢) is shown in Fig. 1, depicting
the results of the Variational (black), Polaron (blue), Weak
(red) and TEMPO (black circles) calculations, where we
focus on this one component to ensure visual clarity. Here
p(0) = g,0)(g,1|®pE, g denotes the QD ground state, while
(0, 1) refers to number of cavity photons and pg is the thermal
density matrix of the environment. The accuracy of the Vari-
ational approach is apparent, matching the TEMPO approach
closely for each value of the cavity coupling strength, g,
while the weak and polaron MEs fail for different parameter
ranges, highlighting the limitations of these approaches. The
Variational MEs numerical efficiency is orders of magnitude
greater than the TEMPO method, taking seconds to construct
the ME and compute the dynamics. The decay rates and steady
state can be directly computed with the ME, allowing for
greater insight into the underlying physical processes.

VI. CONCLUSION

We have demonstrated an accurate and versatile variational
approach for modeling the dynamics of exciton and biexciton-
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Fig. 1. Dynamics of the pg,1 subspace of the exciton cavity system
spanned by the states |g,0){g, 1|, |g,0)(e, 0|, with the Variational (black),
Polaron (blue), Weak (red), and TEMPO (black dots) data for a range of
cavity coupling strength parameters g. = 0.5,2.0,4.0 ps—!. We use the
following parameters for all plots & = 0.025 ps, Temperature = 50K and
we = 2.2 ps~L. Only the evolution of R (|g, 0){g, 1|) (¢) is shown to ensure
clarity.

cavity systems. This approach was compared against a numer-
ically exact approach [6], and against the Weak and Polaron
ME:s. Further extension to other symmetry containing systems
is possible within this framework allowing accurate simulation
of systems where numerically exact techniques are unfeasible.
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