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Abstract—A rate equation model describing an inte-
grated, optically coupled, externally driven semiconductor
laser was used to investigate the generation of subharmonic
modes. Stability analysis of such rate equations has been
found to be a computationally efficient method for deter-
mining the drive conditions for subharmonic generation
when compared to spectral analysis. The stability of
period-1 solutions, and the mode of instability, can be
tracked efficiently through Floquet multipliers. Parameter
continuation of Floquet multipliers provides an efficient
alternative to spectral analysis for identifying subharmonic
regimes, and other nonlinear instabilities, with improved
computational performance.

I. INTRODUCTION

The demand for high throughput optical communications
has focused recent research on the development of compact,
coherent, multi-frequency light sources. One such method for
the generation of coherent light from an integrated device is
through gain switching an optically injected semiconductor
laser [1]. The active tunability of mode spacing is an attractive
feature of gain switched lasers. Dynamical instabilities such
as subharmonic generation - a reduction in free spectral range
(FSR) to a ratio of the drive frequency ωm - can be leveraged
to engineer desired mode spacings at preferred drive frequen-
cies. Such instabilities can be induced from control of the
drive parameters ωm&Pm. Identifying regions of subharmonic
generation is conventionally done through spectral analysis
of long-time simulations. This can become computationally
costly as the searchable parameter space grows from fabrica-
tion and technological advancements. An alternative approach
is to leverage nonlinear dynamics methods. Floquet theory
provides direct stability criterion for periodic solutions to
ODEs. We show that Floquet multipliers of the period one (P-
1) orbit accurately predict the onset of subharmonic generation
and enable efficient exploration of drive parameter space.

II. DYNAMICAL MODEL & FLOQUET METHOD

The rate equation model used to simulate the coupled laser
system is based on the model developed in [2] and solved
using parallelised RK45. The variables Ri and Ni denote the
optical field amplitude and carrier density respectively. φ is
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the phase difference between lasers. One laser is periodically
driven through modulation of the pump current Pm sin(ωmt).
Nonlinear carrier terms C(N) are included to accurately
capture spontaneous and Auger recombination effects.

Ṙ1 = N1R1 + κR2 cos(φ) (1)

Ṙ2 = N2R2 + κR1 cos(φ) (2)

φ̇ = α(N2 −N1)− κ

(
R1

R2
− R2

R1

)
sin(φ)−∆ (3)

Ṅ1 = γ1(P1 − C(N1)− (1 + 2N1)R
2
1) (4)

Ṅ2 = γ2(P2 + Pm sin(ωmt)− C(N2)− (1 + 2N2)R
2
2) (5)

C(N) = aN + bN2 + cN3 (6)

Time is normalised by the photon lifetime, τp = 5 ps.
Injection, bias, and internal parameters used in this analysis
are as follows:κ = 0.15,∆ = 0.05, P1 = P2 = 2.0, α =
2.5, γ1 = 0.0015, γ2 = 0.0028, a = 1, b = 0.70, c = 0.54
. These parameters were chosen in accordance with previous
investigations of this system [3]. The drive frequency ωm and
amplitude Pm significantly impact the system response and
generation of subharmonics in the gain switched laser.

Subharmonic generation is conventionally determined
through analysis of optical spectra. This involves long-time
evolution of the model and calculation of the free spectral
range of the resulting frequency comb. This can become costly
and inefficient when mapping large parameter spaces. Floquet
analysis allows for the stability of P-1 orbits to be determined
one forcing period after transient decay. For the periodic
solution, the system was linearised about the orbit and the
resulting monodromy matrix was computed numerically. The
monodromy matrix eigenvalues λi - the Floquet multipliers
- play the role of eigenvalues in autonomous systems. The
multipliers were then used as the stability metric for the
periodic regime. The periodic orbit is stable if |λi| < 1 for
all i. Bifurcations occur when multipliers cross the unit circle:
flip (period doubling) bifurcations at λ = −1, saddle-node at
λ = +1, and secondary Hopf for complex conjugate pairs.
The monodromy matrix and its eigenvalues are calculated
by numerically integrating the coupled system, and the time
varying Jacobian J(t) simultaneously, with J(t) determined
analytically to improve efficiency. To quantify the stability of
the P-1 orbit, the Floquet analogue of the Lyapunov exponent
is computed. This stability metric is defined as µi =

1
T ln(λi).

III. PERIOD-ONE STABILITY ANALYSIS

Figure 1a shows the evolution of the critical Floquet
multiplier, the multiplier of greatest amplitude, as a function



Fig. 1: Floquet multiplier evolution showing the loss of stability of the P-1 orbit via a period doubling bifurcation. Multiplier
crossings at −1 destabilise the P-1 solution and provide stability to P-2 orbits. The global stability of the P-1 orbit is captured
via the Floquet exponent.

of drive frequency ωm for a representative amplitude Pm = 6.
As ωm increases, the real part of the multiplier crosses −1,
signalling the onset of period-doubling. This corresponds
with the emergence of subharmonic structures in the optical
spectrum seen in Figures 2b,2c without the need to directly
compute the spectrum itself. Figure 1b presents the global
stability of the P-1 orbit over the (m,ωm) parameter space
using the Floquet exponent, µ. Regions where ℜ(µ) < 0
show where P-1 is stable, while ℜ(µ) > 0 identifies loss of
this stability. The Floquet map reveals several key features
of this instability route. A region of instability arises at
drive frequencies of half the relaxation oscillation frequency
of the gain switched laser at sufficiently large modulation
amplitude. As ωm&Pm increase, the system enters a dense
region of instability. Operating in this region would enable
the production of high-order subharmonics, as seen in spectral
analysis of this device [4].
Global stability boundaries and drive conditions where
subharmonic generation occurs can be determined from
Figure 1. Plotting time series around one of these flip
bifurcation markers, we can see the onset of P-2 dynamics.
As the control parameters are brought across a bifurcation
point, the system undergoes period-doubling. Figure 2a shows
that after the bifurcation a pulse is produced by the gain
switched laser every other modulation cycle. This results in
additional modes in the optical spectrum in Figure 2c.

IV. COMPUTATIONAL EFFICIENCY

A key advantage of the Floquet approach is its com-
putational efficiency. Conventional detection of subharmonic
generation relies on long time series simulations followed by
Fourier analysis and further post processing. In contrast, the
Floquet method requires only convergence to the periodic orbit
and time integration over a single forcing period. This results
in a substantial reduction in computational cost, particularly
for mapping large parameter spaces. The Floquet method
reduces computation time and peak memory usage by a factor
of 1.6 and 2.7 compared to spectral analysis over a 101x101
grid of modulation parameters.

Fig. 2: Optical spectra and time series before (ωm = 0.058),
and after P-1 stability loss (ωm = 0.116) as predicted by
Floquet analysis. Shaded regions correspond to the drive
frequency used fm = ωm/2π.

V. CONCLUSION

Applying Floquet theory to the analysis of gain switched,
optically injected lasers allows for a computationally efficient
study of the stability of subharmonic generation. This approach
develops a global view of the stability of certain solutions and
can be tailored to investigate other systems or higher order
periodic solutions. Computation time is reduced by a factor of
1.6 when compared to conventional spectral analysis.
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