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Abstract—The typically small and highly variable valley
splitting is a key limitation for the scalability of silicon-germanium
(SiGe) spin qubits. We present a free-shape optimization approach
to engineer the Ge-concentration profile in a SiGe quantum well
such that it provides a deterministic enhancement of the valley
splitting with simultaneously reduced device-to-device variance.
Our model is based on exact multi-valley envelope function theory
augmented by a non-local empirical pseudopotential model and
a random potential model describing alloy disorder.

I. MOTIVATION

Electron spin qubits in gate-defined quantum dots (QDs)
in silicon-germanium (SiGe) heterostructures are a promising
candidate for the realization of scalable, fault-tolerant quantum
computers. A key challenge for spin qubits in strained Si/SiGe
quantum wells (QWs) is the near-degeneracy of two conduction-
band valley states, whose energetic separation, i.e., the valley
splitting, is typically small (few 10s of peV) and determined
by the sharpness of the Si/SiGe QW interface. Consequently,
the excited valley state introduces a (spin-split) pair of leakage
states energetically close to the actual qubit-states, which
can cause spin-dephasing and loss of quantum information.
Moreover, since the valley splitting depends on atomistic details
of the heterostructure such as interface roughness and alloy
disorder, its value is strongly fluctuating on the chip and across
devices, severely limiting the yield of functioning devices.
To address this issue, various heuristic strategies have been
proposed to enhance the intervalley coupling matrix element
by growth of sharp Si/SiGe interfaces, oscillating germanium
concentrations in the QW (so-called wiggle wells), Ge spikes,
superlattice barriers, and shear strain engineering [1].

In this work, we develop a systematic free-shape optimization
approach to enhance the valley splitting in a SiGe/Si/SiGe QW
by optimal design of the epitaxial layer stack. Our main result
is a modulated wiggle well, which provides both a strong
deterministic enhancement and a suppression of the disorder-
induced variability of the valley splitting [2].

II. TWO-VALLEY ENVELOPE EQUATION MODEL

Our model for the intervalley coupling in Si/SiGe heterostruc-
tures is based on exact Burt—-Foreman type envelope function
theory extended to multi-valley semiconductors combined with
a stochastic potential approach to simulate alloy disorder. We
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Fig. 1. (a) Brillouin zone of the face-centered cubic lattice with six conduction
band valley states in silicon. The two valley states at kg = & (0,0, ko) T are
energetically decoupled in strained QWs. (b) Decomposition of the Brillouin
zone into valley-sectors assumed in the multi-valley envelope function model.

consider a two-valley model for the envelope fi, in effective
mass approximation [3]

()
[ U, ) 5 0,
kg

2
Efiey () = i (r) = ~ oV -m_f, Vi, (1)

which describes the coupling between the two valley states at
ko = £ (0,0, ko)" with ko ~ 0.85 x 27 /a in a QW grown
along the [001] axis, see Fig. 1(a). Here, aq is the Si lattice
constant, m¢x, = diag (my,my, m;) is the effective mass
tensor and

Ui sy (v, 1) = (ko= r") /d3r" Ay, (r=1")x (2
X gy, (F)U (2" ucper (r7) Ay (r" —1')

is the non-local confinement potential obtained within exact
envelope function theory [3]. The kernel includes the meso-
scopic confinement potential U (r), the lattice-periodic Bloch
factors u. x, (r) at the valley positions and the modified delta
functions Ay, (r —r’) that act as projectors on valley-specific
Brillouin zone sectors, see Fig. 1 (b). The intervalley coupling is
described by off-diagonal elements U\, _x, (r,r’). The Bloch
factors are obtained from a non-local empirical pseudopotential
model including strain effects [4]. We emphasize that the
non-local potential in Eq. (1) is indispensable to guarantee
independence with respect to the choice of the reference energy



in the intervalley coupling. Any local approximation of Eq. (1)
inevitably violates this important physical principle and leads
to in principle arbitrary intervalley couplings [3].

The confinement potential is modeled as

U (r) = Upet (r) + Uqp (7,y) + Ur (2), (3)

where Upet (r) is a stochastic potential describing the SiGe
heterostructure, Uqp (,y) is a harmonic trap describing the
QD and Ur (=) models a vertical electric field across the QW.
The heterostructure potential is a sum over all lattice sites R

Unet (r) = AE. Q4 ¥ Nrd(r—R), 4
R

where AE, is the SiGe conduction band offset, €2, is the
atomic volume and NR is the number of Ge atoms at lattice
site R (Vg = 0 for Si and Nr = 1 for Ge) distributed as

Ngr ~ Bernoulli (p = X (R)).

Here, X (R) is the nominal Ge concentration at the respective
lattice site [4].

ITII. INTERVALLEY COUPLING MATRIX ELEMENT

The valley splitting is obtained in first-order degenerate
perturbation theory as

Evs =2]A],

where A is the complex-valued valley coupling matrix element
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Here, flgg) (r) is the zeroth-order approximation of the envelope
function determined from Eq. (1) in the absence of alloy
disorder and intervalley coupling. As a consequence of alloy
fluctuations, the valley coupling matrix includes a random
component originating from 0U (r) = Upet (r) — (Unet (T)).
The statistical distribution is obtained as

A ~ ComplexNormal (1 = Aget, I, C)

= Adct + Aramd~

where I' = (|Ayanal?) is the covariance and C' = (AZ ) is
the pseudo-covariance. The corresponding valley splitting is
found to obey a Rice distribution

FEvs ~ Rice (V =2|Aget| , 0% = 2F) .

IV. OPTIMIZATION
We optimize the Ge concentration profile X (z) to enhance
the valley coupling matrix element A. Specifically, we aim to
increase the magnitude of the deterministic component |A gt |
while simultaneously reducing the disorder-induced variability,
i.e., we minimize the cost functional
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The optimization problem is constrained by the envelope
equation (1) and further constraints on the alloy profile
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Fig. 2. (a) Confinement potential and electron density distribution and
(b) statistical distribution of the valley coupling matrix element of the
modulated wiggle well at weak homogeneous shear strain €4, = 0.1 % [2].

enforcing (i) local Ge concentrations within the admissible
range 0 < X (z) < 0.3, (ii) the total amount of Ge atoms to be
distributed in the QW and (iii) a spectral constraint suppressing
rapidly varying profiles beyond the limitations of molecular
beam epitaxy. The optimization problem is solved using a
quasi-Newton method. Constraints are implemented using the
Lagrange multiplier method and suitable penalty terms [2].

Our main result is a modulated wiggle well shown in
Fig. 2 (a). The structure has a dominant Fourier component
at k ~ 2k; ~ 0.3 x 27 /agp, which boosts a resonance in the
coupling between valley states in neighboring Brillouin zones
separated by 2k;, see Fig. 1 (a). The corresponding resonance
mechanism, however, must be unlocked by shear strain along
[110] to break a non-symmorphic symmetry of the crystal
lattice [4]. Moreover, the modulated wiggle well enables on-
demand tunability of the valley splitting via adjustment of the
vertical electric field [2].

V. CONCLUSION

Free-shape optimization of heterostructure profiles yields
superior designs with an improved intervalley coupling matrix
element for electrons in SiGe quantum dots, which outperform
previously known heuristic designs. In combination with
shear strain engineering, wiggle-well type heterostructures
are promising to enable large and robust valley splittings for
scalable quantum computing in SiGe-based devices.
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