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Abstract—Standard (S) Finite Difference Time Domain
(FDTD) is widely used to design optical and photonic devices,
but unless a fine space-time mesh is employed its accuracy is
low; furthermore it cannot solve nonlinear problems. A
nonstandard (NS) version of FDTD has been developed which
provides high accuracy on a coarse grid with enhanced stability;
in this paper we extend it to solve nonlinear design problems.
The methodology is also applicable to nonlinear quantum
problems.
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I.  NONLINEAR OPTICS

Take the electric displacement to be D=

gy(E+ yVE+ yPE?), where &, is the vacuum electric
permeability and 4, the vacuum magnetic permeability.
Taking units in which &, =1, g, = 1/ c’ (¢ the vacuum
velocity of light); and defining € =1+ ", D=¢E +
Z(Z)Ez. Taking the magnetic susceptibility to be 1 = L,
everywhere, Maxwell’s equations become

U0 H=-VxE

1.1
0D=VxH. (D

VeD =0 does not imply that VeE =0, butif 3 is

small then VeE =0 is a good approximation and (1.1)
reduces to the nonlinear wave equation,
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where 7 is the local refractive index and X = (X, y,2) .

For simplicity, we proceed to develop the NS model of
(1.2) in one dimension, where it reduces to
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O’E(x,t). (13)

II. STANDARD AND NONSTANDARD FDTD

In the standard (S) finite difference (FD) methodology, a
differential equation is modeled by replacing by its
derivatives by FD approximations, while its parameters are
simply taken over with their original values. In the
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nonstandard (NS) methodology introduced by Mickens [1],
general a priori information about the solution (e.g. that it is
oscillatory) is used to construct a more accurate model.
Consider the homogeneous wave equation,

(6] vV’ )w(x0)=0. @1

Its S-FD is model is

(@7 —v* d* )y (x,1) =0,
where d; is defined by d f(t) = f(t+At)+
St=At)=2f(t) with d?, d}, d’ analogously
defined; d* =d; +d, +d_ . Taking Ax=Ay = Az =h
, V2 =d?/h® , and ¥ =vAL/h . Let p(x,1) = &)
where V= @/k and k =|K|. Although ¢ is a solution of
(2.1) it is not a solution its S-FD-model (2.2), because

[d} =7d* |p=nsp#0. 2.3)

4_
The error parameter 77 ~ (kh) v’ / 48 . In one dimension

2.2)

it can be made to vanish by putting
_ .. sin(wAt)2)
Vo V=T, 2.4)
sin(kh/2)
In two and three dimensions the NS-FD model
of V? is V* E&z/hz , where d’ =d’ +dy2 +d?
+y[did}+d d +d}d? | and y =1/6+
(kh)? /180 + -+, The ¥ - term is a superposition of
different 2™ order stencils. In many problems it suffices to

take y =1/6 . The NS-FD model of the wave equation thus

becomes

(&7 -9@ Jw(x.0) =0,

The model error becomes 77,q = (kh)8 v’ / 483840 . 1In
Solving either model (2.2) or (2.5) for (X, + At), using

2.5)

the definition of dt2 yields an FDTD algorithm. In Fig. 1 we

compare FDTD calculations based the S-FD and the NS-FD
models against Mie [3] theory. The vacuum wavelength is

A, A/h =8, cylinder radius = 0.751 , and the refractive
index = 1.7.
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Fig. 1. Infinite plane wave (not shown) impinges from the left upon an
infinite dielectric cylinder (white) parallel to the z-axis. Scattered field
intensity, shades of red on black (null field) is shown.

NS-FDTD obviously delivers superior accuracy on a coarse
space-time grid. We now proceed to extend our
methodology to the nonlinear wave equation.
III. NS-MODEL FOR NONLINEAR OPTICS

We now construct NS-FDTD for the nonlinear wave
equation of (1.3). Take ¢ = T At (integer 7 ), and write
E(x,t) = E_.Inthe S-model E(x,t)* — E” but E_,
has two solutions, and we cannot construct a stable time-
marching algorithm. In the NS-model E 3 —> E E_, and

d’E(x,t)) > E_E.+E_E_,—2EE_ . TheNS-
model of (2.1) thus becomes
_Z(Z)
E +E_ —2E —VdE =—5—x
n (3.1) where

At (EmE +E _E_, 2ETEH),
n= Sin(nkh/2)/sm(kh/2) and k is the vacuum
wavenumber. Solving (2.3) for E_,, gives

1 ~) ()

mx{—[fl +Z EI—Z]ET—I-I-

i+ 8¢ 7 E, | |E, + @, | +5(e ),
where § is a source. Three initial fields the are taken to be
E,=F,

the sourceat t = 0.

T+l =

3.2)

= E, =0 and we start the iteration by turning on

We used the NS-FDTD algorithm to simulate the
propagation of light into a second-order nonlinear dielectric.
The computational model is shown in Fig. 2.
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Fig. 2. Light propagates from source (S) in vacuum into a nonlinear (blue)
dielectric material. E(f) recorded at obervation points O; and O, inside and
outside the dielectric, respectively.

The E(¢) time series taken at observation point O2 was

analyzed with a discrete Fourier transform to extract
frequency amplitudes as shown in Fig.3.
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Fig. 3. Light propagates from source (S) in vacuum into a nonlinear (blue)
dielectric material. E(¢) recorded at obervation points O; and O, inside and
outside the dielectric, respectively.

In Fig. 4 we compare our NS-FDTD results with the low
depletion approximation [3], which assumes slow energy
transfer from the fundamental mode to the higher harmonics.

It is valid when
O (see Fig. 2) to examine the growth of the second harmonic.
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is small. We used the data collected at
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Fig. 4. Amplitudes first harmonic (black) and second harmonic (blue) with
position and in the nonlinear material (orange). Comparison with theory (red)
in the low depletion approximation.

The analytic calculation (red line) gives only the electric
field amplitude of the second harmonic, while the NS-
FDTD calculation (blue line) gives its time dependence.

IV. EXTENSONS AND APPLICATIONS

The methodology extends to higher order nonlinearities (e.g.
cubic) and to two and three dimensions both for the wave
equation and Maxwell’s equations. It can also be used to
model the coupling of charge to the vector potential in
quantum mechanics, e.g. in the Ginzburg-Landau equation.
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