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Abstract—Quantum well structures in photonic devices require
a consistent description of coherent carrier transport, localized
states, and optical excitation. Within the atomistic tight-binding
framework, the density matrix representation naturally leads to
a two coupled grid system in center-of-mass and relative coor-
dinates. Based on a discrete Wigner description, we formulate
the corresponding phase-space model and investigate its trans-
formation to a uniform grid representation. For self-consistent
electron-hole calculations and the resulting absorption spectra,
both approaches yield very similar results for the structures
considered here. This shows that the discrete Wigner formalism
provides a natural conceptual framework, while the uniform
lattice approximation may serve as an efficient description in
practically coherence-sensitive situations cases.

Index Terms—photonic quantum structures, coherent trans-
port, Wigner function, quantum wells

I. INTRODUCTION

Quantum wells and related quantum structures form the
basis of many photonic devices such as lasers, detectors, and
modulators [1]-[3]. Their properties are essentially determined
by spatial confinement, localized states, and coherent correla-
tions, so that transport and optical response sensitively depend
on microscopic phase relations [1], [4].

Numerical models often employ continuum descriptions or
uniform lattice representations. While efficient, these provide
a streamlined description of the underlying atomistic structure
and the associated coherences. It is therefore of interest to clar-
ify to what extent such streamlined representations preserve
the phase information relevant for polarization and absorption
in quantum well structures [1], [5].

Within the atomistic tight-binding framework, the repre-
sentation of the density matrix in center-of-mass and relative
coordinates naturally gives rise to two coupled grids. In the
following, we formulate a discrete Wigner description of
coherent carrier transport, investigate the transformation to
a uniform lattice representation, and assess the impact of
this transformation on self-consistent carrier distributions and
optical absorption [4]-[6].

II. THEORETICAL FOUNDATION

With f[e, f[h, ﬁc, and Hem denoting the contributions
of electrons, holes, Coulomb coupling, and optical excitation,
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respectively, the tight-binding Hamiltonian [6] is used as the
atomistic starting point

H=He+ Hy+ Hc + Hep,. (D

The dynamics of the densities C, D, and Y follow from
ihd,0 = [0, H], )
where O denotes the respective density operator. For the
optical response, the light-induced source term Sep, (t) couples

carrier populations and interband polarization. In the density-
matrix formalism,

. Yy;,km - Ymn
Sem(t) - E(t)dmn Yo = Yom s (3)
5nm - Cnm - Dmn

where n and m label the correlation between atomistic tight-
binding states or lattice sites. Its first, second, and third
components enter the equations of motion for the electron
density C,,,, hole density D,,,, and interband polarization
Y,.m, respectively. In the following, we consider the coherent
dynamics of the carrier-related density matrix on the atomistic
lattice,

atplm =1 Z hklpkm -1 Z hmnplna (4)
k n

where p;,,, represents electron and hole densities, respectively,
and hy,, are the hopping terms of either the Hamiltonian H,
or FIh. With center-of-mass and relative coordinates xy =
(I +m)/2 and € = | — m, a parity structure emerges:
for even &, x lies on integer grid points; for odd &, on
half-integer shifted grid points. The density matrix therefore
decomposes into two coupled subgrids. This two coupled grid
structure is a natural consequence of the discrete quantum
description and provides the starting point for the discrete
Wigner formulation of coherence-sensitive quantum structures
[4], [5]. The discrete Wigner transformation W acts separately
on both parity sectors [5]:
_ ; _(7r O

W =T¢®o with T(O 7'9)’ (5)
where @ = (f,g)7 contains the two sectors of the density
matrix p. Ty as well as 7, are transformation matrices. For
coherent dynamics in phase space, we formally have

W = LwW with Ly =T (Lff Lfg) T (6)
Lgf ng



The diagonal blocks describe the intra-sector dynamics,
whereas the off-diagonal blocks account for the coupling
between the two parity sectors and thus for microscopic co-
herence contributions whose representation in a uniform-grid
transformation is to be examined. For numerical simplification,
the two coupled grid structure can be projected onto a uniform
grid. The approximation error in Wigner space reads

ew (6 B) = [eos(k) — 11V (x, k) + 5 cos(k) 27 (x, B). (1)

The uniform grid approximation is therefore expected to be
most accurate for small wave numbers & and spatially smooth
states. The error expression provides a quantitative measure for
assessing the validity of this transformation and will be related
below to self-consistent carrier distributions and absorption
spectra in representative quantum well structures.

III. EXAMPLES AND DISCUSSION

A GeSn/SiGeSn superlattice structure according to Fig. 1
is analyzed, taking into account self-consistent calculations
in both the two coupled grid and the uniform grid model.
The band profiles shown in Fig. 1 exhibit band bending
due to the carrier density. A comparison of the two coupled
grid and uniform grid descriptions shows that the resulting
band profiles and carrier densities are very similar, with only
minor differences induced by the grid transformation. The
self-consistent coupling of quantum transport and the Poisson
equation is a physical necessary approach [7].

Fig. 2 shows the linear absorption as a function of wave-
length. Also for the optical response, the two models yield very
similar results, with only small deviations over the considered
spectral range. This indicates that, for the present structure, the
essential coherence effects relevant for absorption are captured
consistently in both descriptions, while the two coupled grid
formulation provides the more direct representation of the
underlying discrete Wigner structure [1], [5].

IV. CONCLUSION

We have formulated a discrete Wigner description for coher-
ent quantum structures in photonic devices within the atomistic
tight-binding framework. In center-of-mass and relative coor-
dinates, this formulation naturally gives rise to two coupled
grids, whose transformation to a uniform grid was assessed
self-consistently. For the quantum well structure studied here,
both descriptions yield very similar results, indicating that the
uniform grid model provides a reliable approximation in this
case, while the two coupled grid formulation remains the nat-
ural representation of the underlying discrete Wigner structure
and a systematic basis for analyzing possible transformation
errors in more coherence-sensitive situations.
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Fig. 1. Self-consistently calculated conduction (V) and valence band (V3,)
profiles as well as electron (n.) and hole densities (ny) of the GeSn/SiGeSn
superlattice structure at fixed bias of 0.6 V. Wells are realized by Geg.9Sng.1
and barriers by Sip.1Gep.gSng.1 with material parameters taken from [8].
The results obtained with the two coupled grid (TB) and uniform grid (WTE)
models are shown for comparison. The GeSn/SiGeSn superlattice structure
with the employed well and barrier widths as well as the corresponding con-
duction and valence band potentials are indicated along with the conduction
and valence band profiles.
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Fig. 2. Linear absorption of the GeSn/SiGeSn superlattice structure as a
function of wavelength for the two grid (TB) and uniform grid (WTE) models
considering the exciton ground state. The small differences between both
curves indicate that the optical response is only weakly affected by the grid
transformation for the structure considered here.
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