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The Challenge: Intersubband Lasing

tunneling

hν

Kazarinov and Suris,
1971

Advantage: Photon energy tunable by well width:
hν ∼ 100 meV±??→ molecular spectroscopy

Problems: Fast non-radiative transitions (Phonon scattering)
Escape to continuum

It took 23 years to achieve such a laser...
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The Quantum Cascade Laser

First realized by
Faist, Capasso et al: 1994
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Key design features:

3 levels in active region

Injector region
→ efficient electron
transfer into level 3
→ prevents escape into
continuum
Cascading:
∼ 30 repetitions of
(active region + injector)

Current state of the art:
Wavelength: 3.5µm < λ < 24µm and ≈ 60µm
Energy: 350 meV> hν > 50 meV and ≈ 16 meV

Operation temperature: > 300 K for IR, > 77 K for THz
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FIG. 1. Schematic representation of the conduction-band pro-
file along the growth direction for the diagonal-configuration
QCL structure of Ref. [11]. The MQW is biased by an elec-
tric field of 48 kV�cm. The levels n � 1, 2, 3 and n � A, B,

C, D, E in the active and collector regions (solid and dashed
lines, respectively) of the simulated stage (l � 0) are also plot-
ted together with the corresponding probability densities. The
replica of level 3 in the following stage, l � 11, is shown for
clarity.

nearest-neighbor coupling �l0
� l 6 1�. In view of the

translational symmetry, we are allowed to simulate carrier
transport over the central, i.e., l � 0, stage only [10].

We have applied the above— still semiclassical —
global-simulation scheme to state-of-the-art QCL struc-
tures. As a prototypical device, we have considered the
GaAs�(Al,Ga)As-based diagonal-configuration QCL [11],
schematically depicted in Fig. 1, in which our simulation
strategy is also sketched. Here, the energy levels and
probability densities of various electron states within the
simulated stage �l � 0� are plotted: They correspond
to the device active region (n � 1, 2, 3 according to
the standard notation) as well as to the collector region
(n � A, B, C, D, E). In order to properly model phase-
breaking hopping processes, in addition to carrier-optical
phonon scattering, all various intra- as well as intersub-
band carrier-carrier interaction mechanisms have been
considered [12].

As a starting point, we investigated the relative weight of
the carrier-carrier and carrier-phonon competing energy-
relaxation channels. The time evolution of the carrier
population in the various subbands as well as of the total
current density is depicted in Fig. 2. Figures 2(a) and 2(b)
report the population dynamics without and with two-body
carrier-carrier scattering, respectively. In our “charge-
conserving” scheme, we start the simulation by assuming
the total number of carriers to be equally distributed among
the different subbands; the electron distribution functions
then evolve according to Eq. (2) and a steady-state condi-
tion is eventually reached, leading to the desired 3 ! 2

population inversion. As we can see, the inclusion of
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FIG. 2. Time evolution of simulated carrier densities in the
various subbands of the MQW structure of Fig. 1 (solid lines:
n � A, B, C, D, E; dotted lines: n � 1, 2, 3), without (a) and
with (b) intercarrier scattering. (c) Simulated applied-field vs
current-density characteristics of the whole structure at 77 K,
in the presence (dots) and absence (squares) of carrier-carrier
interaction. Threshold applied field (48 kV�cm) is marked by
an arrow. The dashed lines are guides to the eye.

intercarrier scattering has significant effects: It strongly
increases intersubband carrier redistribution, thus reduc-
ing the electron accumulation in the lowest energy level
A and optimizing the coupling between the active region
and the injector/collector (the populations of subbands 3
and B become equal). This effect turns out to be cru-
cial in determining the electron flux through the MQW
structure. Figure 2(c) shows the simulated current-voltage
characteristics of our QCL device, obtained with and with-
out carrier-carrier interaction. At the threshold operat-
ing parameters estimated in [11] [marked by an arrow
in Fig. 2(c)] the current density in the presence of both
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current-density characteristics of the whole structure at 77 K,
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interaction. Threshold applied field (48 kV�cm) is marked by
an arrow. The dashed lines are guides to the eye.
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The Quantum Transport Model
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Why Quantum Transport?

Interplay between

•Tunneling transitions
•Scattering processes
•Optical transitions



 =⇒ Operation of QCL

Broadening of tunneling resonances and optical
transitions by scattering

Electronic distribution modified by transitions→ modified
scattering rates

Combine quantum evolution, scattering, and carrier
distribution

→ Quantum Transport Theory

– p.7



Nonequilibrium Green Functions

Start with (single particle) basis Ψα(z)ei(kxx+kyy)

Ĥ = Ĥo + Ĥscatt with Ĥo =
∑

α,β,k

Ho
αβ(k)a†αkaβk

Aim: fαk(t) = 〈a†αk(t)aαk(t)〉, J = e
V
〈dẑ

dt
〉 = ie

~V 〈[Ĥ, ẑ]〉 = . . .

Dyson equation
(
E −Ho(k)−ΣΣΣret(k,E)

)
Gret(k,E) = 1

Keldysh relation G<(k,E) = Gret(k,E)ΣΣΣ<(k,E)Gadv(k,E)

Self-energies (in self-consistent Born approx.)

ΣΣΣret,imp(k,E) =
∑

k′

〈V(k, k′)Gret(k′, E)V(k′, k)〉imp

ΣΣΣ<,phon(k,E) =
∑

~p

M(~p)nBG<(k + p,E − ~ωp)Ml(~p)

+ M(~p) [nB + 1] G<(E + ~ωp)Ml(~p)

Temperature enters only via phonon occupations nB(~ωp)

– p.8
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dt
〉 = ie
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Calculation Details
Scattering by optical phonons, interface roughness,
charged impurities, artificial ’acoustic phonon’

Electron-Electron interaction in mean field
Momentum-independent scattering matrix elements
(Calculated for typical momentum transfer)
⇒ Self-energies Σα,β(E) do not depend on k

– p.9



Numerical Implementation

�� ��Initial guess Σret(E),Σ<(E)

�� ��Evaluate Gret(E,k), G<(E,k)

�



�
	Evaluate Σret/new(E),Σ</new(E)

and nnew =
P
k

R
dE G<(E,k)

�



�
	

˛̨
Σnew(E)− Σold(E)

˛̨
< ε

and |nnew − n0| < ε

�� ��Evaluate current density

�
�

�
�

New guess for Σret(E) and Σ<(E)

trying different strategies:
linear mixing, Broyden method,
Pulay method, . . .

?

?

?

?
⊕

	 6

�
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Transport and Electron Distribution
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Current-voltage characteristic

Page et al. APL01

a)=77 K, c)=233 K
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THz-QCL operating at 77 K

Data for sample of Kumar et al. APL 84, 2494 (2004)
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See APL 86, 041108 (2005)
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Spatial and energetical resolution

density localized in wells

Current through the structure
see cond-mat/0507410
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Spatial and energetical resolution

density localized in wells Current through the structure
see cond-mat/0507410
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Calculation of Gain
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Linear response

We know G̃ret(E), G̃<(E) in the nonequilibrium state

Perturbation δU(t) = −eδF (ω)zα,βe−iωt

Result within linear response

δGret(ω,E) = G̃ret(E + ~ω)
[
δU(ω) + δΣΣΣret(ω,E)

]
G̃ret(E)

δG<(ω,E) = G̃ret(E + ~ω)δU(ω)G̃<(E) + G̃<(E + ~ω)δU(ω)G̃adv(E)

+ G̃ret(E + ~ω)δΣΣΣret(ω,E)G̃<(E) + . . .

Change in current density δJ(ω) ∼
∫

dEδG<(E,ω)

Complex conductivity σ(ω) = δJ(ω)/δF

→ Material Gain Gm(ω) ≈ −<{σ(ω)}
cε0
√
εr

– p.16
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We know G̃ret(E), G̃<(E) in the nonequilibrium state
Perturbation δU(t) = −eδF (ω)zα,βe−iωt
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Result for Gain
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Width of Gain Peak

Compare with simple model

g(ω) ∝
∑

ij

|zij |2(ni − nj)

× Γi + Γj
(Ei − Ej − ~ω)2 + (Γi + Γj)2/4
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Significantly reduced width

See APL 86, 041108, (2005)
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Origin of main effect

δG<(ω,E) = G̃ret(E+~ω)δU(ω)G̃<(E)+G̃<(E+~ω)δU(ω)G̃adv(E)

gives simple model

Main correction +G̃ret(E + ~ω)δΣΣΣ<(ω,E)G̃ret(E), in particular

δΣ<
12k(E) ≈

∑

k′

〈V imp
11 (k− k′)V imp

22 (k′ − k)〉︸ ︷︷ ︸
=~2γ1212/(Am)

δG<
12k′(E)

provides

g(ω) ∝ |z12|2(n2−n1)
Γ1 + Γ2−2γ1212

(E2 − E1 − ~ω)2 + (Γ1 + Γ2−2γ1212)2/4

similar to Ando, J. Phys. Soc. Jpn. 54, 2671 (1985)

– p.19



Origin of main effect

δG<(ω,E) = G̃ret(E+~ω)δU(ω)G̃<(E)+G̃<(E+~ω)δU(ω)G̃adv(E)

gives simple model
Main correction +G̃ret(E + ~ω)δΣΣΣ<(ω,E)G̃ret(E), in particular

δΣ<
12k(E) ≈

∑

k′

〈V imp
11 (k− k′)V imp

22 (k′ − k)〉︸ ︷︷ ︸
=~2γ1212/(Am)

δG<
12k′(E)

provides

g(ω) ∝ |z12|2(n2−n1)
Γ1 + Γ2−2γ1212

(E2 − E1 − ~ω)2 + (Γ1 + Γ2−2γ1212)2/4

similar to Ando, J. Phys. Soc. Jpn. 54, 2671 (1985)

– p.19



Origin of main effect

δG<(ω,E) = G̃ret(E+~ω)δU(ω)G̃<(E)+G̃<(E+~ω)δU(ω)G̃adv(E)

gives simple model
Main correction +G̃ret(E + ~ω)δΣΣΣ<(ω,E)G̃ret(E), in particular

δΣ<
12k(E) ≈

∑

k′

〈V imp
11 (k− k′)V imp

22 (k′ − k)〉︸ ︷︷ ︸
=~2γ1212/(Am)

δG<
12k′(E)

provides

g(ω) ∝ |z12|2(n2−n1)
Γ1 + Γ2−2γ1212

(E2 − E1 − ~ω)2 + (Γ1 + Γ2−2γ1212)2/4

similar to Ando, J. Phys. Soc. Jpn. 54, 2671 (1985)
– p.19



When is this of importance?

We have (for impurity scattering):

γ1212 ∝ 〈V imp
11 (k− k′)V imp

22 (k′ − k)〉imp

Γ1 ≈ γ1111 ∝ 〈V imp
11 (k− k′)V imp

11 (k′ − k)〉imp

γ1212 comparable to Γ1,Γ2 if
scattering environment is correlated
for states 1 and 2
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Sample with less correlation

Standard QCL from Sirtori et al, APL 73, 3486 (1998)
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Coulomb Shifts
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Coulomb-corrections in Hartree
Fock
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Resolved Gain Spectrum
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Resolved Absorption Spectrum
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Different sample
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Conclusion
Development of a transport theory for Quantum cascade
lasers using Nonequilibrium Green functions

Quantitative results for
current-voltage
characteristics and gain
profile

Reduction of spectral
width due to correlations

Many-Particle effects:
Blue shift in absorption

microscopic understanding of
the device

PRB 66, 245314 (2002); PRB 69, 205310 (2004)
APL 86, 41108 (2005); cond-mat/0507410
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